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We study the nonlinear transport and the motion of the bell-shape soliton in hydrogen-
bonded chains with asymmetric double-well potential, based on the new two-component
soliton model. Solution, momentum, effective mass, width and energy of bell-shape
soliton are found. The theoretical reasults are estimated and compared with experimental
ones. The agreement between them is good.
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1. INTRODUCTION

The hydrogen bridge exists in a variety of solid state systems and many
biological molecular chains. The proton motion is known to be responsible for
the charge and energy in many hydrogen-bonded solids. Two-component soli-
ton model for proton transport have been investigated by a number of author
in hydrogen-bonded chains with symmetric double-well potential (Cheng, 2000;
Pang and Muller-kirsten, 2000; Xu, 1992). However there are many cases in
which protons move in asymmetric double minima potential (Kashimori et al.,
1982; Pnevmatikos et al., 1987; Schmidt et al., 1971), for example, in some
ferroelectric and ferroelastic hydrogen-bonded crystals (Gordon, 1995), surpe-
rionic conductivity was discovered: MHAO, and M3H(AQO,4), (M=K, Rb, Cs,
NHy; A=S, Se) exhibit high proton conductivity (Gordon, 1995). In the present
paper, we investigate the nonlinear transport in a hydrogen-bonded chain with
asymmetric double-well potential, based on a new two-component soliton model.
The expressions of solution, the momentum, the effective mass, the energy of
the bell-shape soliton have been obtained. Good agreement is obtained with the
experimental data.
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2. MODEL AND EQUATION OF MOTION

We consider here a new two-component model Hamiltonian of the hydrogen-
bonded molecular systems with asymmetric double-well potential, and assume
that the compling between the proton sublattice and the heave-ion sublattice is
nonlinear interaction (Cheng, 2003). The Hamiltonian of the systems may be
written as a sum of three terms.

H=Hp+Hh+Hinl (1)
where
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Here H, is the Hamiltonian of the proton sublattice, m; is the mass of the proton,
u; and p; = mu; are the proton displacements and momenta respectively, the
quantity %mw%uiuiﬂ shows the correlation interaction between neighbouring
protons caused by the dipole-dipole interactions, wy and w; are diagonal and
non-diagonal elements of dynamical matrix of the proton respectively (Pang and
Muller-kirsten, 2000), V(u;) is an asymmetric potential with double minina, A,
B and C are positive (Gordon, 1995). Hj, is the Hamiltonian of the heavy ionic
sublattice with low-frequency harmonic vibration, m; is the mass of the heavy
ion, n; and p; = my1n; are the displacement of the heavy ion from its equilibrium
position and its conjugate momentum respectively, ¢, = [(8/m»)'/? is the velocity
of sound in the heavy ionic sublattice, / is the lattice constant, and €2 is the
frequency of the optical mode of the heavy-ion sublattice (Cheng, 2003). H;,, is
the interaction Hamiltonian between the protonic and heavy ionic sublattice, x is
the coupling constant between the two sublattice. In the continuum approximation
with the long-wavelength limit (Cheng, 2004), this Hamiltonian can be replaced
by a continuum representation
[o¢]
H = /:oo de [%mlu,z + %mla)guz — %mlw%u (u +lu, + %lzu”>
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V() = lAuz - lBu3 + lcu“ (7)
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Here u(x, t) and n (x, f) are the displacement fields of proton (mass m;) and

heavy ion (mass my,), respectively. k = x[? is the coupling constant between the

two sublatlices. The Lagrange density of system corresponding to Eq. (6) can be

written as

L=T-U= lmlu2 + lmm2 — lmla)gbﬂ + lmla)%u u+lu, + llzu”
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The Euler-Lagrange equations of motion from (6) and (8) are
2 2k 2 3
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where & = A + m (0] — »}), v} = 11?0}, vy is the characteristic velocity of the
proton.

3. BELL SHAPE SOLITON SOLUTION

By means of the transformation § = x — vz, Egs. (9) and (10) become

2k
ml(Uz—Ulz)ugg—i——277M+(¥M—BM2+CM3=O (11)
Uy
k
my(v* — c§)nee + P(u2 —ug) + myQn =0 (12)

0

when v = ¢y i.e. the velocity of the soliton is just equal to the characteristic speed
of sound of the heavy-ion sublattice (Peyrard et al., 1987). From Eq. (12), we get

k 2 2
=———=(u" —u 13

1 mzu%Q(Z) ( 0) (13)

so that Eq. (11) can be written as
ml(v]2 — Uz)lxlgg_ = Au — Bu® + Gu® (14)
where A and G are constants A and C renormalized by the proton-ion interaction

2k
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2k?
G=C-— (16)
mag 2

we now set ¥ = Z_g’ p = ml(vl2 —v?), F(u) = Au — Bu® + Gu’. Eq. (14) can
be written as

Ydy = %F(u)du (17)

Integrating (17) we have
du V2 1 2B 1G 172
— = _y|-Al1=-ZZu4+ =i 18
dt mmﬁ—vﬂwﬂ[z < 3A”+2A”>] {19

Further integrating (18), we get bell-shape soliton solution.

3A
u= W (19)
Bi1+(1—-9AG/R2B?»!Y2cosh (%) (x —vt)
ml(v1 —v )
Here the width of the soliton is W,
- 12 12
s i A A+my (a)% - w%) + 2k2/m2u%§2%

we see that the width of the bell-shape soliton decrease as interaction between the
two sublattice and the influence of the optical mode of the heavy-ion sublattice,
the bell-shape soliton describes the ionic nonlinear defect, because the charge
density depends directly on §, = —du/dx (Cheng, 2001). Equation (16) show
that the motion of this soliton describes the propagation of the charge, it transports
momentum and energy along hydrogen-bonded molecular chains.

4. ELEMENTARY PROPERTIES OF BELL SHAPE SOLITON

In this section we investigate the elementary properties of bell-shape soliton,
but here we consider only a few physically important quantities concerning bell-
shape soliton.

4.1. Momentum and Effective Mass of Bell-Shape Soliton

B 2 1/2
s=73 <E> 1)

If we further set
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Equation (19) becomes
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From Egs. (21) and (22), we find the momentum of the bell-shape soliton
to be
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From Egs. (23), (24)we obtain the effective mass of the bell-shape soliton

e, = S (55 T (25)
ol = 5w.B2 \277 28

where F(2,2, %, g~ ?) is a hypergeometric function.

4.2. Energy of Bell-Shape Soliton
The kinetic energy of the bell-shape soliton (22) is given by
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Then the total energy of the bell-shape soliton is

2\ ~1/2
* 2 * v 2
E= Msolyvl = Msol (1 - _2) U 27
Ui
We discuss the case of the slowly moving v << vy, the Eq. (27) becomes
E_6/\2m1v12F 5 ) T, (28)
T swer  \22772¢

we have chosen the following set of model parameters for ice (Cheng, 2004;
Gordon, 1989; Pang and Muller-kirsten, 2000): m; = 1.67 x 107%*g, v; = 1.1 x
10° cms™!, I = 5A. The continuum approximation model (6) is valid only for bell-
shape soliton width W >>/, taking W = 6OA, for a weak proton-ion interaction
case, A &~ A = 5.4(ev/A?), B = 0.63(ev/A%) (Kashimori er al., 1982). Using the
condition g>>>1, we take g = 10. The calculation according to Eq. (28) give
E = 0.375¢eV. This vales is close to the experimental ones of the activation energy
measured by the proton conductivity in ice. E = (0.34 £ 0.02)eV (Gordon, 1989),
E = 0.37eV (Gordon, 1989).

5. CONCLUSIONS

In summary, we have studied proton transfer in hydrogen-bonded chains
with asymmetric double-well potential, using a new two-component soliton
model. We obtain the general expression of the bell-shape soliton solution in
Eq. (19). The width of the bell-shape soliton decrease as interaction between
the two sublattice and influence of the optical model of the heavy-ion sub-
lattice. The momentum, the effective mass, the energy of the bell-shape soli-
ton are calculated. The calculated energy is in satisfactory agreement with the
experiment.

ACKNOWLEDGMENT

The author is grateful to professor J.Z.Xu for helpful discussions.

REFERENCES

Cheng, Y. F. (2000). Acta Physica Sinca 49, 1.

Cheng, Y. F. (2001). Journal of Physical Society of Japan 70, 313.

Cheng, Y. F. (2003). International Journal of Theoretical Physics 42,2991.

Cheng, Y. F. (2004). Chaos Solitons Fractals 21, 835.

Gordon, A. (1989). Solid State Communication 69, 1113.

Gordon, A. (1995). Physical Review B 52, 6999.

Kashimori, Y., Kikuchi, T., and Nishimoto, K. (1982). Journal of Chemical Physics 77, 1904.



Nonlinear Transport in Hydrogen-Bonded Systems 1693

Pang, X. F. and Muller-kirsten, H. J. W. (2000). Journal of Physics: Condensed Matter 12, 885.
Peyrard, M., Pnevmatikos, S. T., and Flytzanis, N. (1987). Physical Review A 36, 903.
Pnevmatikos, St., Flytzanis, N., and Bishop, A. R. (1987). Journal of Physics C 20, 2829.
Schmidt, V. H., Drumeheller, J. E., and Howell, E. L. (1971). Physical Review B 4, 4582.

Xu, J. Z. (1992). Physics Letters A 172, 148.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


